Chromatic aberrations characterize how linear optics parameters, including tunes, beta functions, and x-y coupling parameters, depend on momentum deviation. The definition of chromatic aberration is based on static or slowly varying momentum deviations. Linear optics parameters are expanded in terms of momentum deviation; their coefficients are called chromatic aberrations in this paper. The Hamiltonian and a six-dimensional symplectic map, which are taken into account in both betatron and synchrotron motions, are reconstructed using the measured chromatic aberrations. This map can be used to study the effects of chromatic aberrations in beam-beam, space charge, and electron cloud phenomena.
§1. Introduction
In circular particle accelerators, the synchronous and off-momentum particles experience different kick strengths in magnetic elements such as dipoles and quadrupoles. Consequently, the optics parameters such as tune, beta functions, and x-y coupling, need to be extended to address the chromatic effects. In this paper, the amplitudes of chromatic aberrations are regarded as the coefficients of power series of the optics parameters in terms of momentum deviation. In a realistic ring, the optics parameters are measured through beam experiments, in which typically the beam energy is varied by shifting the RF frequency (for example, see Ref. 1)). Indeed, the optics parameters are extracted from the measurement of turn-by-turn positions via monitoring a kicked beam 2), 3) at a certain location, for example, at the interaction point (IP). Further polynomial fitting of the optics parameters in terms of beam energy gives the amplitudes of chromatic aberrations. Finally, modeling of the optics for off-momentum particles is done with a symplectic expression in this paper.
Modern storage rings operate under the presence of disturbances caused by nonlinear collective effects, such as beam-beam, space charge and electron cloud. In order to avoid enhancement of such disturbances and thus achieve high performance, it is essential to control the linear optics parameters. For example, the tuning of linear optics parameters at the IP is absolutely necessary to achieve a high luminosity in e + e − colliders, such as KEKB. 4), 5) Moreover, chromatic aberrations induce a spread in the optics parameters and thence increase the widths and strengths of synchro-betatron resonances. It was found that the correction of chromatic aberrations led to a significant increase in the luminosity of KEKB, from 1.7 × 10 34 to 2.1 × 10 34 cm −2 s −1 . 6), 7) Therefore, compressing the chromatic aberrations also proved to be critically important.
Correction of chromatic aberrations, though very important practically, is not a concern of this paper. Indeed, its main purpose is to construct a simple symplectic map for given chromatic aberrations in a storage ring. The map is constructed by making use of a quadratic-form Hamiltonian. As has been demonstrated in Ref. 6 ), the map is very useful in investigations of the chromatic effects contributing to complex phenomena like beam-beam collisions. Since the chromatic aberrations are measurable parameters, this kind of investigations is valuable in evaluating the degradation of machine performance, such as the loss rate of luminosity of a collider.
The rest of this paper is organized as follows. The fundamental theory and measurement scheme for linear optics in a six-dimensional phase space are firstly reviewed in §2. By extending the conventional linear theory to off-momentum particles, we derive, step by step, the symplectic maps for chromatic aberrations in §3.
As an example of applying the symplectic map, the synchro-betatron resonances in the KEKB are simulated using a particle-tracking code. The simulation results as well as comparison with beam experiments are shown in §4. Finally, the whole work is summarized in §5. §2. Fundamentals of linear optics theory
Linear optics parameters
When observed turn by turn at a certain location s of a ring, the physical coordinates of a particle, x = (x, p x , y, p y , z, δ) T , are transferred by a 6×6 symplectic matrix M 6 (s) corresponding to the linear regime. Here the superscript T denotes the transpose of a matrix or a vector. The periodicity of the system requires that
where L is the circumference of the ring. The matrix M 6 operates on x and gives
The one-turn matrix M 6 contains 21 independent parameters, i.e. 3 tunes (μ x,y,z = 2πν x,y,z ) and 18 linear optics parameters. The subscripts x, y and z respectively denote the horizontal, vertical and longitudinal motion. The tunes are independent of s; however, the other linear optics parameters are functions of s. The matrix M 6 can be written in the general form of
where R η is the dispersion matrix defined by
and M 4×2 is a matrix parameterized by Twiss and coupling parameters
In the above matrices, the 4 × 4 matrix M 4 and 2 × 2 matrix M z represent the linear betatron and synchrotron motions, respectively. The quantities R η,x , R η,y , S 2 , and I 2 are 2 × 2 matrices defined by
The parameter r η,0 is defined by r η,0 = 1 − |R η,x | − |R η,y |, and η x,y , η x,y are dispersion functions and their derivatives. The elements of ζ x , ζ x , ζ y and ζ y in matrix R η,i characterize the tilt of the beam, i.e. xz , p x z , yz , and p y z , respectively. In the ring, ζ x,y and ζ x,y are generated in a RF cavity with nonzero dispersion or in a crab cavity, and they vary along s. The betatron matrix is expressed by 8), 9)
where the block-diagonal 4 × 4 matrix M 2×2 is the so-called Courant-Snyder matrix expressed by
with
where i = x, y. The matrix R characterizes the x-y coupling and is defined by
where r 0 = 1 − |R 2 |. 10) In particular, the matrix M 2×2 is parameterized by two betatron tunes (ν x , ν y ) and 8 linear optics parameters (α x,y , β x,y , r i (i = 1, ..
.4)).
Similarly, one can show that x β and u = R −1 x β are the vectors of the coupled and uncoupled coordinates, respectively. The synchrotron motion is described by the 2 × 2 matrix M z in Eq. (4) . M z has the same form as Eq. (9) with β z = α p L/μ z , where α p is the momentum compaction factor. In this paper, the sign of the synchrotron tune is chosen to be μ z < 0 for α p > 0. For storage rings, usually it is true that α z ≈ 0 with |μ z | 1. By comparing Eqs. (1) and (2), one can re-express the physical coordinates x as 8)
where the coordinates for betatron and synchrotron motions are respectively defined as
It is seen that the matrices M 4×2 and M 6 describe the same physical system, except that the coordinates (x β , x s ) T are transformed into x. But the matrix M 4×2 has a block-diagonal form resulted from the transformation via R η . Due to this diagonalization, the motions in the longitudinal and transverse directions are decoupled. It follows from the above definitions that the synchrotron variables z and δ are expressed by
where
As an example, the relative difference between δ and δ s is (δ −δ s )/δ = 0.15% for the KEKB crab cavity operation with ζ x = 0.011, horizontal and longitudinal momentum spreads of σ p x = 10 −4 and σ δ = 7×10 −4 . The non-zero vector ζ is also induced by the RF cavity that is located in the dispersive section. But generally ζ induced by a RF cavity is far smaller than that induced by a crab cavity.
In the literature, the first-order derivative of the tune μ(δ) = 2πν(δ) over momentum deviation is generally called the chromaticity, i.e.
In principle, the chromaticity is also function of momentum deviation, and its linear term is ξ = ξ(0). It is natural that other optics parameters related to the betatron motion, i.e. β(δ), α(δ), and r i (δ), also depend on the momentum deviation. These parameters may be expanded in terms of the momentum deviation δ. The coefficients of this expansion are called chromatic aberrations.
In our scheme, betatron-synchrotron variables (x β , x s ) are introduced in Eq. (12). δ s is more convenient to use than the original momentum deviation δ when discussing symplectic nature. Chromatic aberrations are redefined as the "betatron optics parameters that are functions of δ s ". Note that δ = δ s when ζ = 0, or the difference is small in most of the cases discussed above.
The linear dynamics formalism with 5 variables (x, p x , y, p y , δ) is ordinarily used to introduce the betatron variables and the dispersion. In this ordinary formalism, energy is constant; the RF cavity is not taken into account. There are discrepancies between the values obtained by the ordinary formalism and those obtained by our sixdimensional formalism for the Twiss and dispersion parameters when accelerating cavities are present in the dispersive section or the crab cavity. There should be discrepancies between the emittances and chromatic aberrations, which are given by the integrals of the Twiss and dispersion parameters, of the two formalisms. Needless to say, those given by the six-dimensional formalism are correct.
Another type of chromatic aberration can be induced if accelerating cavities are present in the dispersive section or the crab cavity. The physical variables are expressed by the betatron-synchrotron variables, as shown in Eq. (3), as follows: The second and third terms on the RHS contribute to the chromatic aberrations for δ s and z s in sextupole magnets. The betatron tune is now expressed by
The other betatron optics parameters are also expanded by z s and δ s . Although the extended chromatic aberrations depending on z s are not treated in this paper, it is possible to apply our discussion to the chromatic aberrations that depend on both z s and δ s .
Optics measurement scheme using betatron oscillation
Before derivations of the symplectic map for chromatic aberrations, it is necessary for us to discuss the optics measurement scheme. As stated previously, one essential advantage of our method is using measurable parameters obtained by beam experiments. If the beam is kicked in a dispersion-free region, it will oscillate in the betatron phase space around the closed orbit.
In the experiments, the beam energy is changed by shifting the frequency of the RF cavity. The closed orbit for the frequency shift Δf is given by
where Δz = −LΔf /(hf 0 ). The quantities f 0 and h are the RF frequency and harmonic number, respectively. The shifts of δ and δ s are given by
where (ζ x , ζ x , ζ y , ζ y ) T = R −1 ζ and r η,0 are the values at the RF cavity. In most cases, r η,0 ≈ 1 and the second term in Eq. (19) is small, and then the difference between δ and δ s induced by the frequency shift is also small. For example of KEKB (ζ x = 0.011, β x ≈ 1 m), suppose that r η,0 = 1, the second term in Eq. (19) is about 10 −5 times smaller than the first term. Thus, it is fair to assume that δ = δ s , and then the tunes and transverse optics parameters, which are measured as functions of Δz/(α p L), can be regarded as functions of δ s . With this simplification, the transfer matrix for the betatron motion is expressed by
where A x and A y are symmetric matrices represented by Twiss parameters, i.e.
where the relations exp(
For the given Courant-Snyder invariants (2J x,y ), the phase space trajectory is expressed by Dirac delta functions, i.e.
δ(x
It is obvious that the above function describes a combination of two ellipses (elliptic torus) in a four-dimensional phase space. The easiest way to determine A R x or A R y is to measure the second-order moment of the phase space variables. Suppose that a kicker excites the x mode with an amplitude J x . The second-order moment of the elliptic trajectory is expressed by
The complete form of x β x T β for x and y modes is given in Ref.
3). In beam experiments, the second-order moments x β x T β are extracted from data of beam position monitors, and thus Twiss parameters contained in A x and R are determined. §3.
Symplectic maps for chromatic aberrations
In most of the following we neglect the chromatic aberrations in the dispersion matrix and treat the symplectic maps operating on the dynamic variables (x β , x s ) T instead of x. To demonstrate our method, we start from discussing a simple case of first-order chromatic aberrations for the betatron motion in the horizontal plane in §3.1. Then, in § §3.2 and 3.3, the method is extended to arbitrary chromatic aberrations for Twiss parameters and for x-y coupling, respectively. An alternative approach to constructing a symplectic map for chromatic aberrations is discussed in §3. 4 . The general expression for the nonlinear dispersion function is addressed in §3.5.
Linear chromatic aberrations
The fundamental concept of our method can be elucidated with the simplest case of linear chromatic aberrations without considering x-y coupling. Suppose that three Twiss parameters for the horizontal motion are defined by a first-order expansion in terms of δ s as follows:
where the quantities μ x,1 , α x,1 and β x,1 are the first-order chromatic aberrations. The extension to the vertical motion can be obtained easily by replacing x by y in the above equations. For the sake of convenience, however, the subscript x will be dropped in this subsection and §3.2. Furthermore, the subscripts β and s are also left out of both the betatron variables x β and the synchrotron variables
The one-turn transfer matrix for betatron motion has the same form as shown in Eq. (9), with μ, α, and β now depending on δ. This expression is symplectic for the x or y motion in its two dimensional phase space, but it is not symplectic in the six dimensional phase space when synchrotron motion is included. Ideally, the map for betatron motion can be written as follows: 11), 12)
However, this form is difficult to evaluate in a symplectic manner. Instead, the δ-dependent matrix can be split into the product of two matrices as follows:
The above expression implies that all the chromatic dependences are lumped into M H (δ). To find the explicit form of M H (δ), it is convenient to use a mixed variable generating function F 2 13) defined as power series of momentum deviation. Truncated to the first order terms of momentum deviation, F 2 can be written in the form of
where the quadratic Hamiltonian H I is defined by
and the quantitiesx,p,z, andδ are the new coordinates after transformation. Since the generating function should give linear transformation for the betatron motion, F 2 only contains terms of x and p up to the second-order, and the parameters a, b and c are to be determined later. Using the generation function F 2 , the coordinate transformation can be derived byx
δ =δ.
From the above equations, the new coordinates are transferred by
with the transfer matrix of
Equations (36) and (37) show how the symplecticity condition leads to coupling of transverse and longitudinal motions. The next step is to derive the relations between (a, b, c) and
By expanding the right hand side (RHS) of the above equation in terms of δ and comparing its elements with Eq. (39), the coefficients a, b and c can be explicitly determined as follows:
Immediately it is seen that a, b and c are expressed in terms of (μ 0 , α 0 , β 0 , μ 1 , α 1 , β 1 ), which are measurable parameters as has been discussed in the previous section. Once the map given by Eqs. (34)−(37) (M H I ) is achieved, one can construct a one-turn map as follows:
where R η is given by Eq. (3). The above map operates on the dynamic variables of x. The symbol "•" in the above equation indicates an operation of product between two maps. At this point, the map is not matrix due to Eq. (36). The operation is performed from the right to the left. Since the x-y coupling is not taken into account, the coupling matrix R in M 4 (Eq. (7)) is simply a 4 × 4 unit matrix.
Transformation M H I is performed using the energy before RF acceleration in each revolution. The approximation is feasible for a small synchrotron tune; that is, the energy change in one revolution is small.
The transformation given by Eq. (39) contains higher-order terms in δ, this is necessary to maintain the symplectic condition in x motion and y motion. It is noted that if the matrix M (0)M H (δ) is used to calculate the Twiss parameters, it does not reproduce the definitions of Eq. (29), but contains leakage to higher-order terms in δ. 39) is negligible, but the beta function exhibits significant leakage when the tune approaches the half integer (or an integer). This leakage can be improved by taking into account higherorder terms of δ in the generating function or the Hamiltonian, as to be discussed in the next section.
Higher-order chromatic aberrations
It is straightforward to extend the method demonstrated in the previous section to treat higher-order chromatic aberrations. In a general form, the tune and Twiss parameters are expanded in terms of δ as follows:
Mathematically the upper band of summations N can be taken to infinity in the above equations, however, high-order chromatic aberrations are hard to be measured accurately. Practically, N = 2 or 3 is the reasonable order to be considered. 6) Following the treatment in the previous section, the chromatic aberrations are related to the Hamiltonian defined by
n .
The transformation for the Hamiltonian M H (δ) is expressed in the same form as Eq. (39) by replacing aδ, bδ and cδ with aδ → a n δ n ≡ A, 
Consequently, the transfer matrix for chromatic aberrations M H (δ) is expressed as
The transformation for z is
The relations between (μ n , β n , α n ) and (a n , b n , c n ) can be obtained by equalizing the matrices defined by Eqs. (40) and (48). For example, the second-order relations are given as follows:
It is seen that the the above formula contain chromatic aberrations up to the secondorder, although they contain terms of third (and higher) order for δ. Higher-order parameters of (a n , b n , c n ) can be obtained in a similar way, however, they are not provided here because the expressions are very lengthy.
Chromatic aberrations related to X-Y coupling
In this section, we take into account the x-y coupling in the betatron motion represented by the 4 × 4 matrix M 4 . The parameterization of the x-y coupling is given in Eqs. (7)- (11) . The matrix M 4 defined in Eq. (7) should now be regarded as a function of δ such that
The momentum-dependent coupling parameters can be expanded as
where the coefficients r i,n are regarded as the chromatic aberrations for x-y coupling. With x-y coupling included, the Hamiltonian resulted from the chromatic aberrations is expressed as
where the coefficients D to W have the similar forms as those shown in Eq. (47). It is obvious that the 10 sets of coefficients a n , ..., w n are related to the chromatic aberrations α x,n , β x,n , μ x,n , α y,n , β y,n , μ y,n , and r i,n , i = 1, ..., 4. The transformation due to the Hamiltonian is expressed in the same manner as in Eqs. (34)−(37) 
The above equations represent an implicit map for the chromatic aberrations, its explicit form can be found after tedious calculations, resulting in a 4 × 4 matrix of M H (δ) as follows: 
where M n is numerically defined for the given chromatic aberrations, α x,n , β x,n , μ x,n , α y,n , β y,n , μ y,n , and r i,n , i = 1, ..., 4. The coefficients can be determined order-byorder. Now, we determine 10 × n independent coefficients of the Hamiltonian H I from the chromatic aberrations in tunes, Twiss parameters, and x-y coupling. A symplectic transformation for the Hamiltonian is obtained from Eqs. (62) and (60) using the observed or computed chromatic aberrations, α x,n , β x,n , μ x,n , α y,n , β y,n , μ y,n , and r i,n , i = 1, ..., 4. A one-turn map is again obtained via Eq. (44).
Direct method for chromatic aberrations
In the previous sections, the Hamiltonian is used to construct a perturbation map for chromatic aberrations. Since the Hamiltonian is written in the truncated form of power series in terms of momentum deviation, there is leakage in high-order chromatic aberrations. Actually, the map for chromatic aberrations can be directly obtained without using either a Hamiltonian or a generating function. This direct map is also symplectic in the six-dimensional phase space and strictly reproduces the chromatic aberrations. That is, there is no leakage to higher-order terms in δ, in contrast to what are reported in § §3. 1−3.3. Given that the transfer matrix for the betatron motion depends on δ, to satisfy the symplectic condition, the longitudinal coordinate z should be mapped with a function of the betatron and synchrotron variables as follows:
where M 4 (δ) will generally have the same form of Eq. (53). Mathematically, the symplectic map should satisfy the following Poisson bracket relation:
[z,δ] = 1.
Equation (72) requires g to be independent of z, because [z + g, δ] = 1 gives ∂ z g = 0.
Equation (71) is expressed in matrix form of
The explicit expression of the Poisson bracket is where
By using the symplectic condition for M 4 , one can obtain the following result from Eq. (74)
Performing differentiation with respect to δ to the symplectic condition for M 4 leads to
Equation (77) shows that M T 4 S 4 (∂ δ M 4 ) is a symmetric matrix. Therefore, g is obtained from Eq. (76) as
The term that depends only on δ appears as nonlinear momentum compaction in the next section.
Here we show the expression for g in more detail.
In the case of ∂ δ R, the derivative for r 0 = √ 1 − r 1 r 4 + r 2 r 3 is obtained in the same manner as Eq. (81).
This direct method can be straightforwardly extended to the transfer map for off-momentum particles between two arbitrary positions s 1 and s 2 around the ring. Assuming that the RF cavity is not located between s 1 and s 2 , the map can be written in the form of As seen in the previous section, the Hamiltonian related to chromatic aberrations represents a quadratic form with respect to the betatron variables and a form of power series with respect to the momentum deviation. The symplectic map derived from the Hamiltonian clearly indicates the coupling of betatron and synchrotron motions, and thence synchro-betatron resonances can be studied straightforwardly. In this section, we compare the measurements with simulations related to synchrobetatron resonances in KEKB.
In the KEKB, two types of measurements were performed to study chromatic aberrations. One was a beam size measurement versus transverse tune. The second was the measurement of chromatic aberrations at the interaction point using turnby-turn data obtained with beam position monitors.
The beam size is measured with a synchrotron light monitor using an interferometer. 14) Figure 2 shows the transverse beam size versus the horizontal tune measured on May 16, 2008 for ν y = 0.6 and ν z = −0.021. Several peaks can be observed in the figure, and their positions are shifted as ν y was varied. This indicates that the peaks corresponds to the linear x-y coupling resonance and its synchrotron sidebands. This measurement confirmed the existence of remarkable chromatic aberrations in KEKB optics. Similar measurements were also performed at CESR. 15) The chromatic aberrations for optics parameters at the interaction point are measured using turn-by-turn data obtained with beam position monitors located on both sides of the interaction point (s = ±0.7 m) for various values of beam energy. 2), 3) They are measured in a single-bunch operation without collisions. Table  I lists therefore, the values computed by SAD 16) for the design lattice were used. These values changed after every optics correction (performed after each machine break, which occurs once in two or three weeks) and every beam tuning of optimizing the luminosity (performed day by day). The coefficients of the Hamiltonian H I for the chromatic aberrations are calculated up to the third order using the method described in §3.3, and the values are listed in Table II. The synchro-betatron resonances caused by the chromatic aberrations were studied using the symplectic map expressed by the Hamiltonian H I . A particle-tracking code based on the formalism described in §3.3 was written and used to track particles in the presence of the measured chromatic aberrations. In the simulations, 1000 macroparticles are initialized with a Gaussian distribution in which the initial size is given by the emittance and linear optics parameters, where the horizontal, vertical, and longitudinal emittances are x = 1.8 × 10 −8 m, y = 1.8 × 10 −10 m and z = 4.9 × 10 −6 m, respectively. The macroparticles are tracked with radiation damping (4000/2000 turns in transverse/longitudinal directions, respectively) and excitation. The equilibrium beam sizes in the horizontal and vertical planes are obtained by taking the average of the particle coordinates after 30,000 turns.
The horizontal tune is scanned in steps of Δν x = 1.4 × 10 −4 at a fixed vertical tune ν y = 0.588; the coefficients in the Hamiltonian H I are kept constant during the tune scan. We also assume that the 0th-order x-y coupling parameters vanish because they are optimized during the daily operation at KEKB. Figure 3 shows the resulting beam sizes normalized by the unperturbed beam size. Dispersion is not taken into account in this simulation, that is, R η = I 6 . It is seen that several peaks in the beam sizes are observed in the figure. They correspond to the synchro-betatron resonances generated at ν x + mν y + nν z = Integer, with , m, and n integers. Each resonance is characterized by the values of ( , m, n), and the peaks from left to right in Fig. 3 −1,2) . At the resonance of 2ν x + ν z = Integer, both the horizontal and the vertical beam sizes increase. Essentially, these reso- nances cause the horizontal beam size to blow up. The vertical beam size increases because of the nonlinear x-y coupling due to the chromatic aberrations. At the synchrotron sideband resonance of the x-y coupling, the vertical beam size increases but the horizontal beam size decreases. These behaviors qualitatively agree with the measurements shown in Fig. 2 . It is also noted that the width of the simulated peak is narrower than that of the measurement result. There are various uncertainties in the beam measurements, such as higher-order optics and measurement conditions. For example, the beam size measurement took around 1 min at each frequency, so the tune drift may affect the measured spread. The damping time of the betatron oscillation has been measured to be 2000−4000 turns, which is consistent with the radiation damping time given by SAD. The corresponding tune shift is less than 0.0005. The nonlinear terms in the Hamiltonian such as x m y n with m + n ≥ 4 are estimated to be very small at KEKB, thus their effect on the tune spread should be negligible. The spread of the sideband can be induced by higher-order nonlinear terms, such as x m y n δ. Linear x-y coupling is controlled at the operating point around (ν x , ν y ) = (0.51, 0.56) but not at other points in the tune scan measurement. Ambiguity in the measurement, linear x-y coupling, or nonlinear chromatic coupling are plausible explanations for the width discrepancy in the present result. §5.
Conclusions
Chromatic aberrations characterize how the linear optics parameters of betatron oscillation vary under slow synchrotron oscillation. In most circular accelerators, the optics parameters depend only on the momentum deviation δ. The transverse oscillation, which depends on δ, produces (because of betatron oscillation) an effect in z, which is a canonical conjugate of δ. Both the transverse oscillation and the effect on z maintain symplecticity in a six-dimensional phase space.
In this paper, we have discussed the symplectic expressions for chromatic aberrations. The main properties of our method are summarized as follows: 1) It utilizes the measurement of optics parameters as power series of the momentum deviation; 2) It assumes that the Courant-Snyder formalism can be extended to the off-momentum particles; 3) The revolution matrix in the four-dimensional betatron phase space can be written in the form of power series of the momentum deviation; 4) The symplectic condition is enforced and thus the one-turn symplectic map is constructed in the six-dimensional phase space.
Using two methods, the six-dimensional symplectic map is obtained from fourdimensional revolution matrix. The first method is based on a Hamiltonian formalism using the generating function, which yields six-dimensional canonical transformations. The second method is based on matrix transformation with an additional longitudinal transformation so as to retain the symplectic condition. These methods can be applied to construction of symplectic maps between two arbitrary locations in a ring.
Contemporary circular machines are equipped with many turn-by-turn monitors. The Twiss parameters and phase advances can be measured at many places in the ring; therefore, transfer maps with chromatic aberrations can be obtained at the places. These methods can treat extended chromatic aberrations, i.e. the optics parameters in the betatron matrix M 4 (z, δ) are functions of both momentum deviation and longitudinal position. For instance, the first method can straightforwardly treat M 4 (z, δ) up to a second-order polynomial of z and δ.
The symplectic map can be used in six-dimensional particle tracking simulations for purpose of studying the influence of chromatic aberrations on synchrobeta resonances with beam-beam, space charge, impedance effects, and so on. The synchro-beta resonance case was studied to demonstrate the capability of the obtained symplectic map. Results of particle tracking simulation using the symplectic expression were compared with beam size measurements in tune space. Simulation results qualitatively agreed with the measurements of resonance behavior.
